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ABSTRACT

From June 1988 to August 1990 twelve tall, high-performance, current meter moorings measured the Gulf
Stream’s velocity and temperature fields at nominal depths of 400 m, 700 m, 1000 m, and 3500 m along three
lines centered at 68°W. The overall eddy variability during the 26-month experiment was dominated by six large
amplitude trough formation events, with each event lasting approximately one month. To determine the source(s)
of energy for this eddy variability, the eddy energy budget is evaluated. Traditionally, the baroclinic conversion
of mean potential energy to eddy potential energy is defined as a downgradient heat flux. However, because a
nondivergent heat flux can be downgradient even under conditions in which there is no baroclinic conversion
occurring, a better, more dynamically correct definition of a baroclinic conversion rate is a downgradient hori-
zontally divergent heat flux. The horizontally divergent heat flux component is estimated to be approximately
half the full horizontal heat flux vector. Nevertheless, the resulting ‘‘dynamical’’ baroclinic conversion rate is
found to be positive and nearly an order of magnitude larger than the weakly positive barotropic conversion
rate. Because the large troughs at 68°W are formed through a baroclinic conversion process, the Gulf Stream jet
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is judged to be baroclinically unstable at 68°W.

1. Introduction

As the Gulf Stream flows offshore from the conti-
nental margin near Cape Hatteras, the meanders in the
path grow in amplitude from rms values of 10 km at
74°W to 40 km at 69°W. At 70°—69°W, there is a local
minimum in the meander envelope, called a ‘‘meander
node’” (Cornillon 1986; Kontoyiannis and Watts
1994), while east of 69°W the meanders can become
large amplitude and convoluted, sometimes pinching
off to form cyclonic cold core and anticyclonic warm
core rings (Watts 1983). In an effort to understand the
physics of this variability, an intensive Gulf Stream
modeling and observational field program, the Synoptic
Ocean Prediction (SYNOP) program was initiated
(Watts 1985). As a part of the SYNOP field program,
two current meter arrays measured and mapped the
flow and mass fields at 68°W (Watts et al. 1995) and
55°W (Hogg 1992) with sufficient duration and reso-
lution to analyze the Gulf Stream eddy—mean flow in-
teraction. In this paper, the eddy energy budget is eval-
uated using data from the 68°W array. In the compan-
ion paper (Cronin 1996) (hereinafter called Part II),
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the effects of these eddies on the mean flow are eval-
uated.

The purpose in evaluating the eddy energy budget is
twofold. Because the energy budget involves the gra-
dients in the mean fields, and variances and covariances
of the temperature and velocity fields, an energetics
analysis provides a benchmark for models trying to re-
produce the observed variability. The error estimates
in this analysis are measurement errors rather than sta-
tistical errors and reflect the array’s ability to interpo-
late and extrapolate the measurements horizontally, and
thus create a field which can be mapped. Nevertheless,
we believe that the statistical fields might represent the
long-term fields. The study region is characterized by
large amplitude trough events. During the 26-month
record, six large amplitude trough events formed lo-
cally and a trough feature is evident in the upper level
26-month averaged fields. A similar trough feature is
also evident in the 93-month average satellite IR SST
field (Lee 1994). Work is currently underway to in-
vestigate the life cycle of these large amplitude trough
formation events.

Besides being useful as a benchmark, the energetics
analysis can be used as a diagnostic analysis to identify
dynamical processes responsible for the observed vari-
ability, such as for the large amplitude troughs which
formed in the 68°W study region. Commonly, if the
dynamical process is suspected to be a hydrodynamic
instability, the barotropic and baroclinic conversion
rates are compared to determine the dominance of baro-
clinic and/or barotropic instabilities. However, as dis-
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cussed by Pedlosky (1987), a problem with the eddy —
mean flow instability analysis is that the mean field
tends to be more stable than the initial unperturbed field
since the mean field is broadened by the eddies and has
weaker gradients.

A more subtle and potentially more problematic as-
pect of the temporal-mean eddy-—flow interaction anal-
ysis is that only the horizontally divergent eddy heat
fluxes should be directly related to heat advection
events such as baroclinic instability events. However,
‘traditionally the rate of mean to eddy potential energy
conversion is estimated by the downgradient heat flux,
with no distinction as to whether the fluxes are hori-
zontally divergent or nondivergent. As discussed by
Marshall and Shutts (1981), inclusion of the nondi-
vergent component of the heat flux in the baroclinic
conversion rate can lead to a nonzero rate even under
conditions in which no baroclinic conversion has oc-
curred.

To take greater advantage of the dynamical infor-
mation in the eddy energy budget, the derivation and
interpretation of an energetics analysis will be reviewed
in section 2. In section 3, the experiment and the
method used for obtaining high quality maps of the
temperature field and maps of the velocity and associ-
ated streamlines of flow are described. In section 4, the
mean and eddy fields are presented and the divergent
heat fluxes are evaluated using a method developed by
Marshall and Shutts (1981). This method, which is
based on approximating temperature contours as geo-
strophic streamlines, requires maps of the temperature
and flow field and maps of the mean field streamlines.
Use of this method has been limited thus far to atmo-
spheric analyses (Illari and Marshall 1983). In section
5, the eddy energy budgets are evaluated, and the re-
suits are summarized in section 6 and discussed in sec-
tion 7.

2. Dynamics governing variability

Upstream of the SYNOP study region, at 73°W,
Johns et al. (1989) demonstrated that the quasigeo-
strophic (QG) assumption was valid below about 200
m. At the SYNOP 68°W study region, the Rossby num-
ber Ro = U/f,L at 400 m is typically 0.05-0.15 (U
~1-1.5ms™", f~ 10"*s™", L ~ 100-200 km),
with peak values of up to 0.35 (U ~ 1.75 ms™', L
~ 50 km), while at 700 m and deeper, where the flow
is weaker, the typical and peak values of Ro are much
less than 0.1 and 0.35. While a QG predictive model
might be marginal at 400 m, for diagnostic purposes
the QG dynamics still elfucidate the main balances.
Thus, this analysis of the eddy dynamics and eddy en-
ergetics will be entirely within the QG framework.

By the QG assumption, the total three-dimensional
flow U = (U, V, w) can be decomposed into an O(1)
geostrophic component u = (u, v, 0) and a small
O(Ro) (Ro < 1) ageostrophic component U, = (u,,
Ug, W) ;
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u=2xV-——P,
foPo
where all quantities are in dimensional units, (X, ¥, Z)
are the unit vectors directed eastward, northward, and
upward, V is the horizontal gradient operator,
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po 1s the volume-averaged density, P is pressure, and fy
is the Coriolis parameter evaluated at a central latitude.
Hereinafter, temperature will be used as a proxy for
density p = po(1 — aT'). In order that the quasi-hori-
zontal flow conserve heat, by the QG assumption, the
temperature surfaces cannot be too sharply tilted. The
temperature field can therefore be decomposed into a
depth-dependent background field 6(z) and a dynami-
cally important, weakly varying field 67(x, y, z, #):

T(x,y,z,t) =0(z) + 6T(x,y,z, ).

By the QG assumption, the stability of the fluid is ap-
proximated by the background stratification: |6,|
> [(6T),]. Additionally, by the beta-plane approxi-
mation, the Coriolis parameter is approximated as f
= fo + By, where |fy| > |Byl.

Thus, the O(1) QG momentum equations, the geo-
strophic and hydrostatic equations, in dimensional units are

V=

1
fZXxu=—-—VP (1)
Po
P
0= ~i8—+ gadT. (2)
po 0z

The variability in this O (1) geostrophic flow u is con-
trolled by the O(Ro) momentum, heat, and continuity
equations:

%%+u-Vu+,8inu+foi><ua:0 (3)
———-86T+ u-VT + wh, =0 (4)
ot
ow
Vou = -5, (5)

where O(Ro?) terms have been neglected. These equa-
tions (1)—(5) comprise the QG governing equations
of motion (Gill 1982).

Defining the eddy field to be the deviation from the
time-mean field, the geostrophic flow u and ageo-
strophic flow U, can each be decomposed into time
mean and eddy components:

u=ua-+u’
U,=0, + U,
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where the overline designates the time-averaging op-
erator. Note that although both components of the
ageostrophic flow field are small to O(Ro), the geo-
strophic perturbation flow u’ is not necessarily smaller
than the mean flow u. The time-mean eddy decompo-
sition can also be applied to the dynamical portion of
the mass field 67"

6T = AT(x,y,z) + T'(x,y,2, 1),
where T = 0(z) + AT(x, ¥, 2), and by QG scaling,

0
—_ <
lBZAT 1e.,
and
15}
—T'|<186,].
ST < 16

The QG equations governing variability in u’ can be
derived by subtracting the time average of (1)—(5) from
the full equations (1) —(5). Because this is an intermediary
step for deriving the eddy energetics, these perturbation
equations will not be presented. Nevertheless, for inter-
preting the statistical budgets, it is important to note that
because u, U, and u’ are each horizontally nondivergent,
the heat advection by the geostrophic eddy field is asso-
ciated with horizontally divergent heat fluxes:

-u'-VT'=-V-u'T".
In other words, horizontally nondivergent heat fluxes
are not related to heat advection (e.g., baroclinic con-

version) events. This qualification remains true even
when the fluxes are time averaged:

- VT =-vuT "
Thus, care must be taken when interpreting dynamics
in terms of statistics: Only the divergent component of

the heat flux should be interpreted in terms of heat ad-
vection events such as baroclinic instability events.

a. Derivation of the EPE budget
The mean budget for the eddy potential energy
EPE = 82772
2(9Z

can be derived by time averaging the heat equation (4)
multiplied by the factor gaT'/6,. Assuming that to
O(Ro), a is only a function of depth [recall § = 0(z)],
then the EPE budget can be written as

0 = ~u-VEPE — V-u'EPE’
—_— —

MAP EAP
—%UT VT — gaTw (6)

BC —PKC
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where

s
29,

is not yet time averaged. Because this is a steady-
state balance, at each location there is a balance be-
tween the mean advection of EPE (MAP), the eddy
advection of EPE (EAP), and the horizontal (BC)
and vertical (—PKC) downgradient heat fluxes. Al-
though this form of the EPE budget is useful as a
benchmark for model integrity, it makes no distinc-
tion between divergent and nondivergent heat fluxes
and therefore is difficult to interpret in terms of dy-
namical processes.

A baroclinic conversion process is essentially a
heat advection process that lowers the center of
mass of the fluid. Because only the horizontally di-
vergent heat fluxes can be associated with heat ad-
vection events, following Illari and Marshall
(1983), a dynamical baroclinic conversion rate can
be defined as a downgradient horizontally divergent
heat flux:

EPE’ = T'?

7div

-VT.

(7

Marshall and Shutts (1981) provide a method (here-
inafter called the MS method) for decomposing the
time-averaged heat flux field into a purely horizontally
nondivergent component and a residual ‘‘divergent’’
component. Briefly, since the geostrophic velocity can
be related to a streamfunction: u = Z X Vi, if the mean
streamlines are nearly parallel to the mean temperature
contours such that ¢y ~ (T), then the factor dys/dT
can be used to define a velocity @, which flows along
mean temperature contours and does not advect mean
temperature:

. . 64
dynamical BC conversion rate = — ge—
Z

U||=ZXV£1£—

The component of the mean flow that is responsible for
the mean heat advection is in the residual mean flow
u, ~ U — u;. Assuming the empirical factor dys/dT
can be applied to the instantaneous field, a perturbation
velocity u| that is parallel to 7’ contours can similarly
be defined:
s a .,
wy ZixXV d T T'.

The eddy heat flux by uj is purely horizontally non-
divergent:

7 nondiv

"2=u'T (8)
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and by definition is not related to temperature advection
events. The divergent component of the heat flux field,
which is related to heat advection events, is contained
in the residual eddy heat flux

u’T’dW%u’T’ _u,T,nondiv' (9)
Caution is warranted in using (9) to estimate the di-
vergent flux field since if (8) does not capture the full
horizontally nondivergent field, then the residual flux
will not be purely divergent. Thus, with closed bound-
ary conditions, it might be preferable to determine the
purely horizontally divergent and nondivergent flux
fields by solving the Poisson equation, as was done by
Lau and Wallace (1979).

Returning to the EPE budget, MS show that there is
internal canceling between the downgradient heat flux
and the mean advection of EPE: Noting that

_dy, _
=—17 X
oy a7 z VT,
and multiplying the vector identity
(8 X VT)-VT"? = (2 X VT'?) VT
by the factor

ga dy
20,dT’
MS and Illari and Marshall (1983 ) show that the mean

advection of EPE by u balances the downgradient non-
divergent heat flux:

u,-VEPE = — T -VT -

=

nondiv =
AT i v

|
=

(10)

Thus, assuming that the MS method (8)—(9) accu-

rately decomposed the heat flux field into purely hori-

zontally divergent and nondivergent components, then

by explicitly canceling the internal balance (10) in the
EPE budget (6),

dynMAP dynBC
0 = —i,-VEPE — %u—rrd“ T

Z

~

EAP —PKC
———t—
—~ V-u'EPE’' — gaT'w’,

(11)

each term can be directly related to temperature advec-
tion events and true baroclinic conversion processes.

b. Derivation of the EKE budget

The EKE budget is obtained by time averaging the
scalar product of the eddy velocity vector and the eddy
momentum equations, u’ -(eqn3) + w’'(eqn2):
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MAK EAK
—_—— A —— |
0 = —i-VEKE — V-u'EKE’
BT
: war L (2L B e B ‘
ox Jdy Ox Oy
! " 9P’ —
—ﬂ~VP’—3V——8—+gaw'T', (12)
Po Po O
horPW  vertPW PKC

where EKE' = (u'u’ + v'v')/2 is not yet time aver-
aged and the geostrophic relation has been substituted
foru’:

fou -z Xu,=u,-V—.
Po

Thus, the steady-state EKE budget comprises a balance
between the mean advection of EKE (MAK), the eddy
advection of EKE (EAK), horizontal momentum
fluxes that are oriented down the mean momentum gra-
dient (BT), horizontal and vertical eddy pressure work
by the ageostrophic flow (horPW and vertPW), and
vertical heat fluxes (PKC). Although by the hydro-
static relation, the vertical heat flux (i.e., the EPE to
EKE conversion rate) identically balances the vertical
eddy pressure work term (vertPW + PKC = 0), these
terms are important in the EKE budget since they cou-
ple the mass field and the flow field: The redistribution
of the mass field, which results in a vertical heat flux,
changes the local hydrostatic pressure, and therefore
the horizontal pressure gradient, and results in pressure
work being done on the eddy flow.

Traditionally the downgradient momentum flux BT
is interpreted as the rate of barotropic conversion from
MKE to EKE. Although Plumb (1983) shows that al-
ternate expressions can be defined to represent energy
exchange rates between the MKE and EKE equations,
the traditional definition appears to be dynamically well
grounded. There is no analog for the MS decomposi-
tion since the momentum fluxes form a tensor rather
than a vector. Furthermore, the traditional barotropic
conversion rate is consistent with the theory of eddy
forcing of the time-mean flow, which is developed in
Part II. Therefore, the traditional definition of the baro-
tropic conversion rate will be used.

3. The data

As part of the SYNOP program, for two years from
June 1988 to August 1990, 12 moorings arranged along
three lines centered at 68°W measured temperature and
velocity at the nominal depths of 400 m, 700 m, 1000
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m, and 3500 m (Shay et al. 1992). Three of the central
moorings were also mounted with an upward looking
ADCP (Johns and Zantopp 1991) that provided data
redundancy at the 400-m level. As shown in Fig. 1, the
mooring array was imbedded within a larger array of
inverted echo sounders (IESs) and IESs at the base of
the moorings were equipped with pressure sensors
(Tracey and Watts 1991). IESs are bottom-moored
acoustic instruments from which the depth of the main
thermocline (i.e., the depth of the 12°C isotherm) can
be determined (Watts and Rossby 1977). As discussed
in appendix A, we were able to use the IESs to also
determine the temperature at 400, 700, and 1000 m.
The current meter and IES array design, measurements,
data return, and processing are summarized in Shay et
al. (1995) and Watts et al. (1995). To remove inertial
and tidal fluctuations, all measurements were 40-hour
low-pass filtered. Because the mooring and IES spacing
(56 km in cross stream and 65 km in downstream) is
less than the path correlation length scale, the IES/cur-
rent meter array resolves the mesoscale and larger-scale
eddy structure.

As a first step toward creating regularly gridded data,
the upper-level mooring measurements were interpo-
lated (and extrapolated) to fixed depths of 400, 700,
and 1000 m using a mooring motion correction scheme
adapted from Hogg (1991). Details of the mooring mo-
tion correction scheme can be found in appendix A and
in Cronin et al. (1992). The constant horizon (400,

CRONIN AND
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700, 1000, and 3500 m) temperature and velocity mea-
surements were mapped onto a 260 km north—south by
200 km east—west grid with 10 km spacing using op-
timal interpolation (OI) (Bretherton et al. 1976; Free-
land and Gould 1976).

In mapping the velocities, it was assumed that the
velocity components at all levels were horizontally
nondivergent: u = Z X Vi, where ¢ is the streamfunc-
tion of flow. At 3500 m, pressure measurements were
available and it was also assumed that the flow was
geostrophic: u = Z X VP/(pofo). Thus, for each level,
an autocorrelation function of the streamfunction could
be used together with the measured u, v, and P (where
available) to create a gridded field of nondivergent ve-
locities and streamfunctions of flow. Since Kim and
Watts (1994 ) have shown that IES 12°C isotherm (Z,,)
contours can act as baroclinic streamlines of flow, in
the upper layer the streamline correlation function was
based on the IES Z;, correlation function (Tracey and
Watts 1991). In the deep layer, a pressure correlation
function was estimated from the data (Qian and Watts
1992). At all levels in this study, the mapped nondi-
vergent velocities are treated as geostrophic estimates.

The OI also estimates and maps the fractional error
based on the relative size of the combined measurement
and ageostrophic noise, the correlation length scale and
instrument spacing, and the types of input data (e.g.,
velocity or velocity and pressure). As discussed in ap-
pendix B, these (u, v, T') error variance maps can be

Latitude (N)

2-yr mean velocity at 400m . L

— 50 cm s™!

T T T T T

69 67 65

T

61

Longitude (W)

FIG. 1. The boxed study region shows the area in which the measured fields are mapped. Plus marks indicate
mooring sites. Triangles indicate inverted echo sounder sites used to estimate temperature at 400, 700, and 1000
m. Squares indicate moorings with an additional upward looking ADCPs. The mean Gulf Stream path (thick
solid line) and the *+1 standard deviation envelope (thick dashed lines) are computed from 93 months of satellite
IR images (Lee 1994). Twelve moorings were in place during the first deployment year. During the second
deployment year a 13th mooring between the second and third lines was set in place; however two critical
instruments on the second most southern mooring along the second line failed during the second year. Thus,
although 13 moorings are shown in Fig. 1, only 12 obtained useful data for each of the two years.



2112

used to create error maps for the computed energy
transfer rates. Further details of the OI scheme used to
map the upper level u, v, T, ¢ fields can be found in
Cronin (1993); Qian and Watts (1992) document the
OI scheme used to map the 3500-m level u, v, T, p
fields.

4. The Gulf Stream’s mean and eddy fields at 68°W

During the 26-month experiment, the Gulf Stream at
68°W experienced approximately 28 propagating me-
anders, 2—4 warm core ring—stream interactions, 2
cold core ring—stream interactions, and 6 steep troughs
(one of which pinched off to form a cold core ring).
Of these events, the six steep trough events are the most
energetic, each lasting approximately a month. An ex-
ample of one of these troughs is shown in Fig. 2. This
steep trough has a wavelength of approximately 240
km’ and an amplitude of 80 km. Almost all moorings
show a consistent pattern of temperature advection,
with cold advection west of the flow field trough axis
and warm advection east of the flow field trough. This
pattern of heat advection is consistent with the temper-
ature wave lagging the streamline wave and is indica-
tive of a classic baroclinic instability disturbance (e.g.,
Charney 1947; Eady 1949).

The mean and eddy fields and energy transfer rates
are inherently related to the six large amplitude troughs
that formed in the study region. As can be seen in Fig.
3a, the mean temperature and flow fields show a trough
pattern that is evident in the 700-m and 1000-m levels.
Curiously, the mean deep velocities show a deep cy-
clone beneath the upper level trough axis. The mech-
anism by which the eddies (i.e., the troughs) sustain
this time-mean deep cyclonic circulation is the focus of
Part II. As can also be seen in Fig. 3b, the temperature
variance fields at all levels have a local maximum cen-

tered along the trough axis near the eastern edge of the .

array at 67.5°W.

The Marshall and Shutts decomposition

The temperature variance maps can be used to esti-
mate the nondivergent heat flux according to the MS
decomposition (8)—(9):

nondiv

uITI —

&I&
e[S

1 —
Z2XV=T"?
z 2

div nondiv
uITI :urTI __uITI ,

where di/dT is an empirical factor estimated from the
data. Figure 4a shows the mean streamlines superim-
posed on the mean temperature contours. To estimate
the factor dys/dT, for each level a line was fitted to the
scatterplot of ¢ and T values from the low-error region
of the mapped fields. These scatterplots are shown in
Fig. 4b. The relation between T and ¢ turns out to be
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1

50 cm s~ a

km north

6 Oct 1988

FiG. 2. An example of a large amplitude meander that formed in
the study region. The contoured field is temperature at 400 m for 6
Oct 1988. Temperature was measured at all mooring sites shown. In
addition, temperature at 400 m was estimated from IES at locations
marked with triangles. The vectors are the 400-m-level geostrophic
velocities for 6 Oct 1988. The mapped region .is the boxed region
shown in Fig. 1.

linear throughout nearly the entire temperature range
{which is not required, but simplifies the treatment).

Figure 5a shows the heat fluxes superimposed on the
temperature variance maps; Fig. 5b shows the diver-
gent and nondivergent heat fluxes again superimposed
on the temperature variance maps. Notice that the non-
divergent heat fluxes are always tangent to the temper-
ature variance contours. Because there is a local max-
imum in the temperature variance field associated with
the trough axis, the nondivergent heat fluxes are ori-
ented northward upstream of the trough axis and south-
ward downstream of the trough axis.

5. Evaluation of the eddy energy budgets at 68°W

The data are well suited for evaluating the eddy en-
ergy budgets [(6) and (12)]. The observational array
was specifically designed to measure the mass and flow
fields with sufficient resolution and duration to evaluate
and map the mean fields (&, v, T) and flux fields
(w'u', u'v',v'v’, u'T’, v'T"). Central finite differ-
ences with 2Ax, 2Ay of 40 km have been used to eval-
uate the gradients of the mapped (gridded) fields.

The factors g, «, and 6, have been determined from
independent sources: g the acceleration due to gravity
has been approximated by 980 cm s ~?; « the effective -
thermal expansion coefficient has been calculated to be
1.0 X 10™*°C ™" for the temperature ranges 2.2°-3.6°C
(approximately 3500 m) and 5°-17.5°C (approxi-
mately 400-1000 m) using the methodology of Bryden
(1982) on NODC CTD data of the Gulf Stream region;
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FiG. 3. (a) (left column) Mean temperature fields with mean velocity vectors superimposed at 400, 700,
1000, and 3500 m. (b) (right column) Temperature variance maps at the four levels. Plus marks indicate
mooring sites that had temperature and velocity measurements. Triangles indicate IES sites used to estimate
temperature at 4001000 m. In the light shaded regions, the temperature error variance is greater than 50%
of the expected variance.
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FiG. 4. (a) (left column) Maps of the mean temperature (solid) and mean streamlines (dashed). Light
shaded regions have normalized velocity error variance greater than 50%; dark shaded regions have
normalized error variance greater than 100%. Only data from regions with error less than 50% were used
in the regression to find dy/dT. (b) (right column) The scatterplots of the mean temperature and mean
streamfunction from the low-error region shown in (a). The straight line was estimated by linear regression.
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(a) heat flux and T variance
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FiG. 5. (a) (left column) Heat flux vectors superimposed on maps of the temperature variance field. (b) (right column)
The nondivergent (light) and residual divergent (dark) heat flux components superimposed on the temperature variance field.
The nondivergent heat flux vectors, estimated using the Marshall and Shutts method, are always tangent to temperature
variance contours. Together, the divergent and nondivergent components sum to be the total vector field shown in (a).
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and @, has been estimated from the mean Pegasus cross
section at 73°W (Halkin et al. 1985) to be approxi-
mately 1°C/60 m (1.7 X 10 *°C cm™") for the 400-m
and 700-m levels, 1°C/100 m (1.0 X 107*°C cm™")
for the 1000-m level, and 1°C/1000 m (1.0
X 107%°C cm™") for the 3500-m level. Thus, the factor
ga/8,is only a function of depth in our study region;
for a given level, the EPE maps are proportional to the
temperature variance maps.

In the following figures, all fields are sufficiently
depth dependent that the contour interval must decrease
with each deeper level. The units of all energy transfer
rate contours are 10> cm™? s 3. As discussed in ap-
pendix B, the OI output fields (u, v, T, i) are lightly
shaded when the percent error variance is larger than
50% and darkly shaded when the error variance is
larger than 100% and the sign would not be significant.

a. Mean advection of EPE (MAP)

Figure 6a shows the mean velocity vectors o super-
imposed on the temperature variance T2 fields (which
are proportional to the EPE = ga/28,T'? fields), and
Fig. 6b shows the mapped mean advection of EPE:
MAP = —iui- VEPE. West of the trough axis, there is a
mean advection of low EPE; while east of the trough
axis, there is evidence of mean advection of high EPE.
The maximum (negative) values are along the core of
the mean jet and have central peak values exceeding
—16 X 102 ecm™?s2at400m, ~4 X 103 em™2s~3
at 700 m, and —1 X 1073 cm~2 s~ at 1000 m. Because
of the baroclinicity of the mean jet, the jet axis is shifted
southward with depth. A southward shift with depth in
the mean advection of EPE is also evident, as can be
seen in Fig. 6b.

In the deep layer at 3500 m, the mean velocity is
predominantly westward due to the deep western
boundary current. Thus, the pattern of mean EPE ad-
vection is opposite that found in the upper layer, having
a positive value to the west of the trough axis and a
negative value to the east.

b. Traditional baroclinic conversion rate (BC)

Figure 7a shows the horizontal eddy heat flux vectors
u’'7T’" superimposed on the mean temperature contours
T, and Fig. 7b shows the mapped downgradient heat
flux term (the traditional baroclinic conversion rate):

BC = - &2 VT,
0.
The heat flux vectors in Fig. 7a should not be confused
with the mean flow vectors in Fig. 6a. To interpret Fig.
7a, note that if the mean temperature contours are zonal
* with colder temperatures to the north, then a downgra-
dient heat flux will bring warm water northward or cold
water southward. Therefore a downgradient heat flux
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will have a component that is northward of the mean
temperature contour.

Although the mean temperature contours, shown in
Fig. 7a, are nearly zonal in the upper layer, there is
evidence of a trough in the southern portion of the ar-
ray. In the deep layer, the temperature contours are ori-
ented northeast—southwest, perhaps aligned with the
bathymetry. As with the other energetic terms, the
asymmetry relative to the trough axis is clearly evident:
There appear to be downgradient heat fluxes at all the
moorings upstream of the trough axis and upgradient
heat fluxes downstream of it. The maximum (positive)
values of BC are along the core of the mean jet and
have approximate values of 16 X 107> cm™2 s 2 at 400
m,12 X 10 3cm™2s3at700m, 2 X 103 cm™2s73
at 1000 m, and 0.04 X 107> cm™2 s 2 at 3500 m.

Comparing Fig. 7b with 6b, we see that at 400 m the
downgradient heat fluxes tend to balance the down-
stream change in EPE. However, at 700 and 1000 m,
the traditional BC terms are a factor of 2—3 times larger
than the mean advection of EPE, suggesting that there
could be conversions from MPE to EPE occurring at
these levels.

¢. Dynamical baroclinic conversion rate (dynBC)

Figure 8a shows the divergent heat fluxes W7
superimposed on the mean temperature field 7, and
Fig. 8b shows maps of the dynamical baroclinic con-
version rate:

g«

dynBC = — = w1 VT

4

Comparing Fig. 8a to 7a, we see that the largest qual-
itative differences between the divergent heat flux and
the full heat flux occur away from the jet axis, where
the flow is nearly equivalent barotropic and the diver-
gent heat flux is small. Comparing Fig. 8b to 7b, we
see that this MS decomposition has reduced the tradi-
tional rate of baroclinic conversion by nearly 60% at
400 m, 40% at 700 and 1000 m, and 30% at 3500 m.
Although the mean trough axis is near the eastern edge
of our measurement array, an asymmetry is still evident
in the baroclinic conversion term relative to the trough
axis.

d. Eddy advection of EPE (EAP)

Traditionally, the eddy advection of EPE [EAP
= —V-(ga/20,)u’'T’'?] is ignored. Certainly, being a
triple correlation, its statistical significance is worse
than the other terms. However, as can be seen from the
masking in Fig. 9, this term stands well above its mea-
surement error. Furthermore, values of EAP are of sim-
ilar magnitude to the MAP and BC terms, although the
pattern appears to be aligned with the jet axis rather
than the trough axis. To the north of the jet axis, EAP
is negative; to the south of the jet axis, EAP is positive.
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A southward shift with depth in the EAP pattern is also
evident, perhaps due to the southward shift with depth
in the jet axis. Maximum (negative) values of EAP are
along the northern side of the mean jet axis and have
approximate values of —8 X 107> cm™ s~ at 400 m,
—4 X107 cm?s?at 700 m, —0.5 X 10 3 cm s’
at 1000 m, and —0.04 X 107 cm™2 s at 3500 m.

e. Residual rate of conversion of EPE to EKE (PKC)

Figure 10 shows the sum of the MAP + BC + EAP
terms that constitute the residual rate of conversion
from EPE to EKE (PKC = gaw’T’). Positive con-
tours of this term correspond to bringing warm water
upward or cold water downward (i.e., upgradient).

At all levels in the region just upstream of the trough
axis and south of the jet axis, the vertical eddy heat
fluxes are generally upgradient, producing a conversion
of. EPE to EKE. The maximum PKC conversion rates
are 16 X 102 cm™?s2at400m, 12 X 10 2 cm ™% s ?
at 700 m, 1.5 X 102 ecm™2s73 at 1000 m, and 0.04
X 107> cm™2 s at 3500 m.

[ Barotropic conversion rate (BT )

Figure 11a shows the velocity variance ellipses (Fo-
fonoff 1969) superimposed on the mean streamlines for
each level, and Fig. 11b shows the mapped barotropic
conversion rate

—— 0 5]
+vv —|.

—— Ot ——(0u Ov
BT——[uu6x+uv(8y+ax> 3y

The variance ellipses show the degree and direction of
anisotropy. A perfectly round variance ellipse indicates
random fluctuations in all directions (s’ = v'v" and
u’v’ = 0); a line variance ellipse directed at 45° indi-
cates that the u and v fluctuations are perfectly corre-
lated. Thus, elongated variance ellipses that lean .
against the shear produce downgradient momentum
fluxes (positive contours in Fig. 11b).

Although the errors are as large as the signal through-
out much of the study region, the barotropic conversion
terms have an apparent double lobed pattern with-a pos-
itive maximum (i.e., increasing the EKE) along the cy-
clonic and anticyclonic sides of the mean jet. The maxi-
mum values occur on the cyclonic side and have approx-
imate values of 4 X 102 cm™2s > at 400 m, 1
X 10 ecm™2s2at 700 m, 0.1 X 1072 cm™2 s 2 at 1000
m, and 0.01 X 1073 cm™2 s at 3500 m.

Comparing the rate of barotropic conversion (Fig.
11b) to the dynamical baroclinic conversion rate (Fig.
8b), we see that at 400 m the dynamical baroclinic
conversion rate is approximately 1.5 times larger than
the barotropic rate, while at 700 m and 1000 m the
baroclinic conversion rate is respectively 7 times and
13 times larger than the corresponding rate of baro-
tropic conversion. At 3500 m, the large measurement
errors make the comparison difficult; however, it ap-
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pears that the baroclinic conversion term is still larger
than the barotropic term, although both are approxi-
mately two orders of magnitude smaller than the con-
version rates in the upper layer.

g Mean advection of EKE (MAK)

Figure 12a shows the mean velocity vectors U su-
perimposed on the EKE field; and Fig. 12b shows the
mapped rate of mean advection of EKE: MAK
= —u-VEKE. Notice that in the upper levels, the rate
of mean advection of EKE has maximum values along
the core of the jet in the western portion of the array.
However, there is some evidence that there is a change
of sign east of the “‘trough axis.”” This pattern is evi-
dent at all three upper levels, although the maxi-
mum values are reduced significantly from -4
X 102 cm™ s at 400 m, to —0.5 X 10> cm™?s?
at 700 m, to —0.1 X 10> cm™% s~* at 1000 m.

In the deep level, the mean velocity vectors tend to
rotate around the EKE contours, and therefore the deep
mean EKE advection is negligible.

h. Eddy advection of EKE (EAK)

The eddy advection of EKE: EAK = —V-u’EKE’
is shown in Fig. 13. Like the eddy and mean advections
of EPE, the eddy advection of EKE is often as large as
the mean advection of the EKE (where, recall, a pos-
itive mean advection is equivalent to a negative down-
stream change). In the deep layer, the eddy advection
of EKE is a dominant term in the eddy energy budget
and is probably balanced by the (unmeasured) hori-
zontal eddy pressure work term.

6. Summary of energetics analysis at 68°W

Traditionally, these energy transfer rates are sum-
marized in a Lorenz box diagram in which MPE, MKE,
EPE, and EKE are represented as four boxes and
sources and sinks of these energies are represented as
arrows into and out of the given box. Conversion rates
are represented as arrows between the boxes. Figure 14
shows the Lorenz diagram, which characterizes our
study region at 68°W upstream of the trough axis. The
numbers listed for each arrow are the spatially averaged
transfer rate for each of the four levels 400, 700, 1000,
and 3500 m and their associated measurement error.
The region used in the spatial average is the box up-
stream of the trough axis defined by —90 km =< x
< —40 km and —120 km =< y < 40 km in the coor-
dinate system shown in Figs. 2—13 (i.e., km east and
north relative to 38°N and 68°W). Because this paper
has focused on the eddy energy budget and the sources
of eddy variance, only the sources and sinks of EKE
and EPE have been listed in Fig. 14.

Although the traditional Lorenz diagram provides a
graphical and easily remembered way of displaying the
complicated coupled energy budgets, there are two
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problems with this type of box diagram, which we will
address here. First, no distinction is made between the
divergent and nondivergent eddy fluxes. The downgra-
dient nondivergent heat flux term (traditionally consid-
ered a portion of the rate of baroclinic conversion of
MPE to EPE) can be nonzero even under conditions in
which there is no conversion process occurring and
identically balances a portion of the mean EPE advec-
tion.

The second problem with the traditional Lorenz di-
agram is that the pressure work term is represented as
an independent source (or sink) of kinetic energy. This
is misleading since the fluid is in hydrostatic balance
and the vertical heat fluxes (the EPE to EKE conver-
sion rate) are identically equal to the vertical eddy pres-
sure work. The mass (EPE) and flow (EKE) fields are
coupled via the pressure work terms.

Thus, the Lorenz diagram can be further modified to
make the coupling of the potential and kinetic energies
via pressure work explicit. As in the traditional Lorenz
diagrams, each energy budget is represented as a box
with arrows into and out of the energy box representing
the sources and sinks of the energy. However, in the
modified Lorenz diagram, the EPE and EKE boxes are
connected by arrows that must go through a circled (as
opposed to boxed) P’/ p,. The use of circles and boxes
is meant to highlight the distinction between budgets
(boxes) and terms that couple the budgets (circles) but
are not conversion rates. The arrow between the boxed
EPE and the circled P’/ p, is the vertical eddy heat flux
(the traditional EPE to EKE conversion rate), which
by the hydrostatic relation is identically equal to the
vertical eddy pressure work. The horizontal eddy pres-
sure work term is represented as an arrow between the
circlied P’/ py and the boxed EKE. Note that the hori-
zontal and vertical eddy pressure work need not be
equal. The MPE and MKE budgets are similarly cou-
pled via mean pressure work.

At all four levels, but particularly at 400 m, the BC
and MAP terms tend to offset each other due to the
nondivergent heat fluxes. The dynamical baroclinic
conversion rate dynBC takes into account this partial
cancellation and is nearly 50% less than the traditional
BC value, as shown in Fig. 15. Nevertheless, dynBC is
still larger than the barotropic conversion rate BT by
an approximate factor of 7 in the upper layer. Thus, the
mean potential energy appears to be the dominant
source of eddy energy in this region.

For much of the array, the redistribution of the mass
field due to the effects of the mean and eddy advection
of EPE and the horizontal downgradient heat fluxes
results in a vertical upgradient heat flux. Because the
divergent horizontal heat fluxes are downgradient and
the vertical heat fluxes are upgradient, the dynamical
heat flux vectors are oriented within the ‘‘wedge of
instability,”’ that is, above the horizontal but below the
time-averaged sloped temperature front (Pedlosky
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FiG. 14. The traditional Lorenz diagram. Boxes represent budgets.
Arrows into (out of) a box represent sources (sinks) of the energy.
Arrows between boxes represent conversions. The listed transfer
rates and associated measurement error (see text) for each level (400,
700, 1000, and 3500 m) are average values within the box upstream
of the trough axis defined by —90 km < x < —40 km and —120 km
< y = 40 km in the coordinate system of Figs. 2—13 (i.e., relative
to 38°N and 68°W). The units for all values are 10* cm? s73,

1987). The heat fluxes are thus indicative of a baro-
clinically unstable mean jet.

By the hydrostatic relation, the vertical heat flux is
identically balanced by a negative vertical pressure
work term:

! [ ,8})'
gaw'T' =w' — —
0z po

which acts as a source of EKE. If this eddy kinetic
energy source gaw'T’ has horizontal gradients (as it
does at 400 m), then the horizontal distribution of the
vertical pressure work will induce horizontal ageo-
strophic pressure work terms, which in turn must be
balanced by either eddy advection of EKE or a down-
stream change in EKE. To a certain extent this appears
to be happening at 400 m; while at 700 m and 1000 m,
the vertical heat flux is more uniformly upgradient
(positive PKC see Fig. 10) and there are only weak
downstream changes in the EKE field.
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7. Discussion

This study was designed to measure the three-di-
mensional structure of the energy transfer rates. The
structure of the barotropic conversion rate has been par-
ticularly controversial in the past. Rossby (1987), us-
ing 19 Pegasus (density, velocity, pressure) cross sec-
tions at 73°W, created a vertical cross section of the
barotropic conversion rate, which showed a double
lobed pattern extending to 800 m, centered along the
jet axis, with maximum values of the lobes roughly at
250-m depth. It should be noted that terms involving
downstream gradients could not be estimated with this
data. As can be seen in Fig. 11a, these neglected terms
can sometimes be large.

While Rossby (1987) saw positive conversion rates
on both sides of the stream, Hall (1986), using a single
mooring at 68°W and defining the jet axis to be 13°C
isotherm at 575 m, observed positive rates on the an-
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F1G6. 15. The modified Lorenz diagram. The traditional Lorenz di-
agram has been modified to show that the potential and kinetic en-
ergies are coupled via pressure work and to remove the internal can-
celing between the downgradient nondivergent eddy heat flux and
the mean advection of EPE. As in Fig. 14, boxes represent budgets
and arrows into a box represent sources of the energy. The circled
P'/p is not a budget and the rates of horizontal and vertical eddy
pressure work need not balance. Average values and associated mea-
surement error for each level (400, 700, 1000, and 3500 m) are listed
with units of 107> cm? s7>. BT, MAK, EAK, and EAP are defined in
Fig. 14.
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ticyclonic side and weakly negative rates on the cy-
clonic side. In contrast, Kontoyiannis (1996), using a
quasigeostrophic mixed baroclinic/barotropic instabil-
ity channel model of the Gulf Stream at 73°W, created
a cross section of the zonally averaged barotropic con-
version rate, which had a double lobed pattern with
positive values on the cyclonic side and weakly nega-
tive values on the anticyclonic side. Our maps of the
barotropic conversion rate at 400 m, 700 m, 1000 m,
and 3500 m are consistent with Rossby (1987), show-
ing a double lobed pattern with positive rates on either
side of the jet axis; however, the significance of the
sign of the lobe on the anticyclonic side is questionable.

The values of the traditional baroclinic and baro-
tropic conversion rates are remarkably similar to those
found at 73°W by Rossby (1987) and Dewar and Bane
(1989). Dewar and Bane (1989), using a cluster of
moorings on the anticyclonic side of the stream, were
able to estimate all terms in the traditional eddy energy
budget at a single location. These studies, however, did
not estimate the divergent heat fluxes. Therefore, it is
difficult to know if their large baroclinic conversion
rate was due to the nondivergent component or to the
dynamically important divergent heat flux component.

The variance in the Gulf Stream at 68°W is inher-
ently related to the prevalence of trough formation
events in this region. A permanent trough feature is
evident in the time-mean temperature and mean stream-
line fields and a local maximum in the temperature vari-
ance field occurs along the trough axis of the mean flow
field. Although we have estimated the measurement er-
rors rather than statistical errors, that the permanent
trough feature at 68°W has been observed in the 93-
month SST time series from satellite IR images (Lee
1994) suggests that our observations and budgets may
characterize the long-term mean.

Figure 16 shows several events that contribute to the
large downgradient horizontally divergent heat flux up-
stream of the trough axis: three trough formation
events, a trough event that is in the process of pinching
off to form a cold-core ring, and a crest amplification
event. In all the events shown, the deep flow at 3500
m has speeds comparable in magnitude to the speeds
at 700 m. In the trough formation events, the deep flow
forms a cyclone whose center is downstream of the
upper level trough axis. While in the crest amplification
event, the deep flow forms a weak anticyclone whose
center is downstream of the upper-level crest. This
westward tilt with height in the streamlines is charac-
teristic of baroclinic instability, whereby the trough and
crest increase in amplitude due to geostrophic heat ad-
vection: Upstream of the trough the tilt produces a cy-
clonic turning with height (backing) and cold advec-
tion, which intensifies the upper-level trough, and up-
stream of the crest the westward tilt with height in the
streamlines produces anticyclonic turning with height
(veering) and warm advection, which intensifies the
crest.
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As discussed by Lindstrom and Watts (1994), if the
pattern is stalled, as is the case with all six trough for-
mation events, then the horizontal heat advection must
be balanced by a vertical heat advection. Thus, in the
trough events, the warm advection downstream of the
trough is associated with upward motion of the water
parcels. Essentially, between the trough and the crest
the water parcels slide onshore and upward along
sloped isopycnals (Bower and Rossby 1989). This ver-
tical motion induces vertical stretching in the deep
layer, which spins up the deep cyclone, and can further
intensify the instability by intensifying the cold and
warm advection.

In the statistical sense, baroclinic instability converts
mean potential energy into eddy kinetic energy via
eddy heat fluxes that are oriented in the ‘‘wedge of
instability,”’ that is, above the horizontal but below the
time-averaged sloped temperature front (Pedlosky
1987). Thus, traditionally, a downgradient eddy heat
flux is used as a signature of a baroclinic conversion
process. However, it is possible to have an apparent
baroclinic conversion arising from purely nondivergent
heat fluxes, even when no heat advection occurs. As
can be seen at 400 m (Figs. 6—~7), much of the down-
gradient eddy heat flux is then balanced by the mean
advection of EPE.

Because horizontally divergent heat fluxes are sig-
natures of heat advection events, a downgradient hor-
izontally divergent heat flux is an unambiguous sig-
nature of a baroclinic conversion process (i.e., a heat
advection process that changes the center of mass of
the fluid). This ‘‘dynamical’’ baroclinic conversion
rate was evaluated from our mapped temperature and
velocity fields using the Marshall and Shutts (1981)
method, and even this reduced rate was still found to
be at 700 m 7 times, and at 1000 m 13 times, larger
than the barotropic conversion rate. This downgradient
horizontally divergent heat flux, together with the up-
gradient vertical heat flux inferred from the traditional
analysis, shows that the dynamical heat fluxes at 68°W
are oriented in the wedge of instability. The eddy field
and, in particular, the large troughs that form at 68°W
are therefore caused by a true baroclinic conversion
process. We conclude that the mean jet is baroclinically
unstable at 68°W.
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APPENDIX A
Mooring Motion Correction

Although stiff, high-performance moorings were
used, the drag from the jet caused the moorings to
take vertical excursions. The vertical excursions
were typically less than 50 m; however, the three
southernmost moorings had excursions exceeding
300 m during up to seven events. Therefore, as a
first step toward creating regularly gridded data,
the mooring measurements were interpolated
(and extrapolated) to fixed depths of 400, 700,
and 1000 m using a mooring motion correction
scheme adapted from Hogg (1991). This scheme,
which compensates both the temperature and veloc-
ity measurements for mooring motion, assumes that
the thickness between any two isotherms is constant
so that a canonical temperature profile can be de-
fined:

T(p) = F(P _Pref)~ (Al)

In our application of this scheme to the SYNOP
data, we used a seventh-order polynomial for the
northern moorings, and a ninth-order polynomial
for the southern moorings. The zeroth-order coef-
ficient for both polynomials was set to be 12°C; p,.s
is therefore the pressure of the 12°C isotherm. The
remaining coefficients were determined by least
squares fitting a subset of the temperature and pres-
sure measurements to the polynomial for the given
region. Then, for each mooring, the reference pres-
sure time series was determined by least squares fit-
ting that mooring’s daily (T, p) measurements to
the polynomial (Al).

In the Hogg (1991) mooring motion correction
method, the polynomial (A1) can then be used to
determine the compensated temperature 7, at the
nominal pressure ppom: Tc = F(Poom — Pret). We
made a slight modification to this temperature cor-
rection scheme to ensure that the corrected temper-
ature smoothly approached the measured tempera-
ture as the mooring’s vertical excursion took a cur-
rent meter through the nominal level (400 m, 700
m, or 1000 m). Briefly, a weighted average of
the corrected temperatures from the two nearest
current meters is used to estimate the compen-
sated temperature T, at the nominal pressure

Pnom:
TC = W,,g,, + W,:g;, (A2)

where the subscript ¢ refers to the ‘‘compensated”’
measurement, the subscripts « and / refer to the upper
and lower current meter measurements nearest to the
nominal pressure p,om, and where

gu = F(pref - pnom) + (Tu - F(Pref - Pu))
gl = F(pref - pnom) + (TI - F(pref - pl))
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. lpl_pnoml
w, =
Ipnom _pul + |pnom -pll
lpnom‘pu‘
w

- ,pnom _pul + 'pnom _pll )

This modification (A2) to Hogg’s (1991) temper-
ature correction method (Al) relaxes the parallel
isotherm restriction and forces the corrected tem-
perature T, to smoothly approach the measured tem-
perature T,,..s when the current meter pressure poeas
approaches the nominal pressure p,,n: when peas
= Pnom> Tc = Tmeas-

The velocity measurements were also compen-
sated for mooring motion by using Hogg’s (1991)
procedure of interpolating or extrapolating on tem-
perature:

u, — u;
=—(T.—-T) +
Ue Tu—Tl( DR

Uy — Uy
e =——(T.—T,) + v,
=T, D)+

where again, the subscript ¢ refers to the compensated
measurement, and the subscripts u and [ refer to the
nearest upper and lower current meter measurements
on the same mooring. Unlike interpolating the velocity
on depth, this velocity interpolation scheme is consis-
tent with the thermal wind. Further details of the moor-
ing motion correction procedure are described in Cro-
nin et al. (1992).

A convenient feature of the mooring motion com-
pensation scheme is the equivalence of the reference
pressure p..¢ to the inverted echo sounder measure-
ment of the depth of the 12°C isotherm (suitably
scaled by a factor of 1.01 db m™'). Thus, the IES
Pret can be used in the canonical profile (13) to es-
timate the temperature time series at each IES site
for the depths of 400, 700, and 1000 m. This method
of using IESs to estimate temperature has been ver-
ified by direct comparison at the central 12 sites for
both years by Cronin et al. (1992). Because the IES
array was larger than the current meter array, tem-
perature estimates from the peripheral IESs essen-
tially double the area in which the temperature field
can be adequately mapped.

APPENDIX B
Error Analysis

At the measurement sites the optimally interpo-
lated (OI) data matches the measured data to within
the prescribed measurement error, and away from
the sites, the error in the Ol field increases. The
question addressed in this appendix is: How does
the measurement error and interpolation/extrapo-
lation affect the statistics (means, variances, and co-
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variances), the gradients, and the products of these
quantities? That is, what is the measurement error
of the mapped energy transfer rates? This question
is distinct from the question of how representative
the statistics are of their true expectation value. To
the degree that the measurement error is negligible,
the measured statistics are representative of the 26-
month experiment period, although, depending
upon the statistical error, they may not represent the
limit as the averaging period approaches infinity.
Our focus is upon the energy exchanges that oc-
curred during this experiment, and consequently the
measurement error was used to estimate the errors
in the computed terms.

For each of the daily maps, the OI produces an .

estimate of the fractional error in the mapped field
using information on the sensor’s measurement er-
ror, the correlation length scale, and the gridpoint’s
location relative to the set of measurement sites
(Bretherton et al. 1976; Freeland and Gould 1976).
To remain general, in the following discussion, ¢
will be the OI least squares estimator of the true
value of the random Gaussian variable 8 with zero
mean and variance 3. The OI error estimate
(er(8))* ok = (6 — 0)*/0 can be used to estimate
the error in the variance of # by assuming that § has
a joint Gaussian distribution (Bendat and Piersol
1986, p. 151) and therefore

er(é2)2 — (éz _ 92)2

-2 v -2 —2
=30% — 20%0% — 400 + 36° ,
which, noting that f is a least squares estimator,
[(é — 8)8 = 0] can be simplified to

er(02)/0} = (er(8)/op)V4 — (er(8)/os)?. (Bl)

The error in_the mean variance [ie., er(u'u’),
er(v'v'), er(T'T")] can be estimated as
42 2

er(¢ J—‘/NZ(er(e N2, (B2)

where N is the number of independent measurements.
Because the original data were 48-hour low-pass fil-
tered, N is set as one-half the total number of daily
maps. The characteristic variance for each variable
(62, 02, 02) was estimated as the median of the
mapped variance within the region of accurate map-
ping.

The measurement error in the mapped covariance
fields (e.g., u'v’) can be estimated by noting
that u'v’ = y,Vu'u'vv'v’, where 7y,, is the corre-
lation coefficient between variables u#’ and v'.
Thus,
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er(u'v’)
=Vu'u' yper(Vvu'v’) + Vo' v yuer(Vu'u')
+Yu'u'Vv'v'er(y,)
l(\/; er(v D) ‘/: er(uu)>
=\ VU Yy +
2 \/‘ﬁ u'u'

+ Vu'u'Vv'v'er(y,)
(er(u u') er(v"7)>

ol o2

I\JI'—‘

+vu'u'Yvv'v'er(yw),

where er(u'u’)/c> and er(v'v')/c? are estimated
from the OI fractional error using (B1)-(B2), and
u’v’ is estimated as the median of |u’v'| from the
region that had low errors in both u'u’” and v'v’. The
er(7y.,) is a statistical error that depends upon the prob-
ability distribution and degrees of freedom. Therefore,
for the measurement error estimate, er(+y) is ignored,
and the covariance measurement error reduces to

,(er(W) . er(W))

2
ol o;

— |
er(u’v')y=_—u'v
(') ~3
Similar relations can be written for er(u’T’) and
er(v'T").
Likewise, letting u'v'v’ = y,,,Vu'u"v'v’, it can be
shown that the measurement error in the triple covari-
ance u’v’v’ (again ignoring the statistical errors) is

1 er(u'u’) er(v’v’
er(u’v'v)~—-u'vv’ — + 2 5 .
2 o oy
Similar relations can be made for er(u'u'u’),

ec(v'iu'u’),er(v’'v'v’),er(u'T'T"), and er(v'T'T").

Away from the measurement sites, the OI output
fields can have bias errors as well as the variance errors.
Although the OI procedure cannot estimate bias errors,
an estimate of the bias errors can be made by system-
atically leaving out sites in the OI processing and com-
paring the OI output fields with the measured data. Do-
ing this, we found that the bias was typically 20% of
the Ol estimated error field. These biases are equivalent
to the measurement error in the mean field. Thus, we
have estimated

er(ir) = 0.2ver(u')?
er(v) = 0.2ver(v')?
er(T) = 0.2Ver(T")?.
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In order to remain general, we will consider a term

that is a function of the statistical quantities g, g,, . . . :
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term = f(q,, ¢,, - --). The error in this term can be
estimated using the chain rule according to

er(term) = J(%ﬁ er(q) + — o

of )2
q er(qz) + -

= \/(6—; er(ql)) + (g—;;er(%)) g—f%er(ql)er(qz) + e

If the errors in the statistics q1:92, - -
then the error in the term reduces to

2 2
er(term) = J(% er(q1)> (gfz er(qrz))
(B3)

For example, the error in the central finite difference
approximation of the gradients dg/dx and Oq/dy can
be estimated as

. are uncorrelated,

er(q,)

. — 3 NV
e ver(g(x — Ax,y))> + er(q(x + Ax, y))

er(q,)

1
= T\/er(q(x, y— Ay))? +er(q(x,y + Ay))?.
y .

Note that if the errors in ¢ are correlated over the 40
km (2Ax, 2Ay) finite difference range, these expres-
sions will be an overestimate of the error in the gradi-
ents (Kim and Watts 1995).

The relative errors in the mapped terms can be es-
timated using (B3) and noting that

_OT'T" oT'T’
EPE =

wv f( ox 9y )
ga = 8T oT
- o vT = puing)
8, f( *ox 6y>

VBT = ¢ <auTT 6vTT)

Oy
gaw'T’

=f(ﬁ~VEPE, _ ge"

k4

u’T’-VT_“,V~u’EPE’>

i (2L Y I
wiu'! Ox T Oy Ox Ay
— —— O# O 0v OV
=flww utn ot "9x’ By ox By
u-VEKE = f(ir,v, u'u’,v'v")
V -u'EKE'’
_(Ou'u'u’ Ou'v'v Gvu'u’ 8v’v’v’>
N "o T dy oy
ga div = Bv——
O oy dv — 7 T ,— —
0, u'T VT =flu'T" ,v o’ Dy
iv T'T’
M’T'd :f(u’T’,aay )
—m7div T 8T’T,
v'T f(vT, e )

The mapped fields in Figs. 3—13 are darkly shaded
where the measurement error (B3) is equal to or 1arger
than the signal, and lightly shaded where the error is
greater than 50% of the estimated term.
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